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CALCULATION OF THERMODYNAMIC PARAMETERS OF COMBUSTION PRODUCTS OF
PROPELLANTS UNDER CONSTANT VOLUME CONDITIONS USING THE VIRIAL

EQUATION OF STATE. INFLUENCE OF VALUES OF VIRIAL COEFFICIENTS

Muhamed Sueska
Brodarski Institute - Marine Research & Special Technologies,

Av. V. Holjevca 20, 10000 Zagreb, Croatia

ABSTRACT

The thermodynamic aspects of the propellant combustion under
constant volume conditions are considered. The combustion model
and computer program named BOMBAS for the calculation of the ther-
modynamic and interior ballistics parameters of combustion prod-
ucts are described.

The equilibrium composition of combustion products is calcu-
lated by applying the Gibbs energy minimization method. The pres-
sure and thermodynamic parameters of combustion products are cal-
culated by applying the virile equation of state. The virile coef-
ficients of individual species are calculated in different manners
- applying equations derived from experimental measurements and
using different potential equations.

The applicability of the presented combustion model and com-
puter program is tested on several different types of propellants

under different combustion conditions.

Journal of Energetic Materials Vol. 17, 278-296 (1999)
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INTRODUCTION

An improvement of the interior ballistics models, i.e. more
accurate and more reliable theoretical calculations of propellant
performances, is of ballisticians’ permanent need. It is also one
of the important preconditions for the development of new propel-
lants and the designation of new high-performances guns'.

The calculation of projectile muzzle velocity, and distribu-
tion of the chamber pressure, knowing only the loading density and
propellant’s composition and configuration, is the central problem
of the interior ballistics. To solve this problem one has to con-
sider a variety of mechanical, kinetic, gasdynamic, and geometric
factors, as well as the thermodynamics of propellant combustion.

The thermodynamic aspects of interior ballistic problem, sim-
plified to the propellant combustion under closed volume condi-
tions, are considered in this paper. That includes calculation of
the equilibrium composition of propellant combustion products,
maximum pressure, internal energy of combustion products, specific
energy, and other parameters necessary for interior ballistics
calculations.

The main difficulties in performing the calculation lie in
the mathematical expression of the chemical equilibrium in combus-
tion products, then in the choice of adequate equation of state of
combustion products as real gases, and in the fact that the ther-
modynamic functions of gaseous products at high density should be

considered as functions of temperature and density'<2% %3¢,
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DESCRIPTION OF THE MODEL

On the basis of the assumptions that the combustion of a pro-
pellant proceeds without heat losses to the surrounding (i.e.
adiabatically), and that in the propellant combustion products the
state of chemical equilibrium establishes, the algorithm and the
computer program named BOMBAS were developed. The calculations in
the computer program are performed as follows:

- the state of gaseous combustion products is described by

the virial equation of state’’,

—~ solid combustion products (if any) are considered as incom-
pressible,

- the thermodynamic functions of propellant gaseous products
as real gases are derived applying thermodynamics laws and
virial equation of state®’,

- the thermodynamic functions of combustion products in the
standard state are calculated from the enthalpy“,

~ the system of equations mathematically expressing the state
of equilibrium in the combustion products is formed on the
basis of the Gibbs energy minimization method™* %%,

- the system of equations is solved applying modified New-

ton’s method® !,

Calculation of Pressure

The pressure of combustion products is calculated using the

virial equation of state truncated at the third term “'-''%;
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where: B(T), C(T) are the second and third virial coefficients of

the gaseous mixture,

n=3n
V - volume occupied by the gaseous mixture.

The virial equation of state has clear physical meaning: the
first term corresponds to the behavior of an ideal gas, the second
terms describes the action between two molecules, and the third
one considers the interaction for three molecules, and so on.

According to classical statistical mechanics, the second vir-

ial coefficient for spherically symmetric nonpolar molecules is
directly related to the interaction energy {¢(r)) between a pair

of molecules, by the integral Z:

21‘"& T 3 d‘pcr)
= — — - kT 2
B(D ™ !r . exp( Pp) / )dr (2)

where: N - Avogadro constant
k - Boltzmann constant
r - separation distance between molecules.

‘Different types of equations are used to express dependence
of interaction energy on separation distance between a pair of
molecules and their characteristics. Frequently used are the Buck-
ingham type {(so-called “Exp-Six”) of potentialn, which is wvalid
for spherical nonpolar molecules and has three parameters of in-
termolecular potential (&, r, and &), thé Lennard-Jones type (so-

called “6-12”) of potential’® which has two parameters of intermo-

lecular potential (o and g), and the Stockmayer potential for po-
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lar molecules.

The theoretical calculation and experimental evaluation of
the virial coefficients of individual species, and their incorpo-
ration into the equation of state are the subjects of numerous
worksl'u' 13,14,15,16,17 .

However, it should be stated that only for the second virial
coefficients there is a satisfactory quantitative accord between
the values obtained from macroscopic p,T,V measurements and sta-
tistical mechanical theory, while for the third virial coeffi-
cients consistent data are rarely availablel.

In order to study the influence of the values of virial coef-
ficients on the results of calculation, three different ways for
calculating virial coefficients are applied in this work:

a) the equations given by Powell et al. (these equations are

derived from experimental measurements)’,

b) the Buckingham potential (using Rice-Hirschfelder data for

the reduced second virial coefficient)'?,

c) the Lennard-Jones potential (using Xiong data for the re-

duced second virial coefficient),

The values of potential parameters (o, r,,&/K) used for the
calculation are given in Table 1.

The third virial coefficient of individual species (C(T)), as
a function of reduced temperature, is calculated from the reduced
third virial coefficient [C*(T*)] applying the Hirschfelder-

Curtiss relationship'’:

om = bE [C * (™) ]. (3)
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The reduced third coefficient is calculated from the second
one according to the eguation proposed by Xiong'’:

B * (T*)

(T.,)m ’ {4)

C*T*) =

which is applicable in the range of the reduced temperatures be-

tween 20 and 100.

TABLE 1
Potential Parameters of Individual Combustion Products

Parameters used in Parameters used
Combustion Buckingham potentiall® in Lennard-Jones
product potentiall?
a ra (A) e/k (K) £ (A) e/k (K)
Hz0 13.5 3.35 38 2.889 180.0
Hz 13.5 3.34 37 2.868 29.2
0, 15.0 3.73 132 3.575 117.5
CO, 13.0 4.20 200 4.070 205.0
co 13.0 4.05 120 3.763 100.2
NH;3 17.0 3.55 138 3.814° 138.0
CHy 13.5 4.29 154 3.817 148.2
No 12.0 3.97 105 3.165 131.0
N 13.5 4.05 120 3.698 95.1
OH 13.5 4.21 80 4.21 80.0
H, N, © 13.5 3.50 80 3.50 80.0

r» - separation distance corresponding to potential energy minimum

The calculation of the virial coefficients of a mixture of
propellant gases is very complex task, which can be, with some ap-
proximations, solved on the basis of statistical mechanics.

In this paper the following equations are applied for the
calculation of the second and third virial coefficient of the

gaseous mixture’:
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2

n’B(T) = (Z ni,laim) ' (5)
3

n'ctn = (}_‘, nﬁ/Ci(T)) , (6)

where B;(T) and C;(T) are the second and third virial coefficients

of individual species present in the mixture.

Calculation of Thermodynamic Functions of Combustion Products

The thermodynamic functions of combustion products as real
gases are calculated by combining the thermodynamics laws and the

virial equation of state:
- the molar internal energy of the gaseous mixture at T,V
7

state':

(Y]

BT, V) = m’v)_g_(%_m “Tacm)

where: E(T, Vo) =

S e

Zi: n,(Ey), = %Z nx[(H: - ngs) RT + (sta) ]

oB( _1.2. Z"x /me)(z i MJ, derived using Eq. (5)
or n’ \§ T ; aT

, derived using Eq. (6)

]

(
L (3 (3

-~ the molar heat capacity of the gaseous mixture at a con-

dcC, (T))

stant volume (Cy):

2n'T 3B n’T acm) 8y

1
'K; (v or TV or

~ the molar heat capacity at a constant pressure (Cp):
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( nBM n’cM n SBM = n’T aC('.l‘))2
1+ e + = ==
v \'A v OoT A
c, =C, +R 3 (9)
2nB(T) 3n°C(n)
1+ V2
~ the Helmholtz energy (A) of the gaseous mixture’:
RT {n’B(T) n’ccr))
= AT, V° +—(—+ (10)
AT, V) (T, V') o v o
where: A(T, V) = —1-{2 n‘[(G:)i + RT 1{”}] - nRT},
n 7% P

G = Z[(G: = Hpsoh + (Hgas)il
- the chemical potential of individual gaseous species is
calculated as partial molar Helmholtz energy':

n, / n)p) 0 (n’B(’I‘) n’cm)
= @ 4=} + RTj— 11
By G;); + RT 1\‘{ DY + [an v + 2ve - (11)

i

The partial derivatives of the second and third virial coef-

ficients in Egq. (11) are calculated by using Egs. (5) and (6):

2
QBN R - o fo (T n/BD) = 2n/BTEED (12)

on,

3 [n’cm :
T =
g i

For solid combustion products no corrections of thermodynamic
functions are applied, since they are considered as incompressi-
ble.

The values of thermodynamic functions in thir standard state
are calculated from the enthalpy, which is in turn expressed as a

function of temperature by the fourth degree polynomial.
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RESULTS AND DISCUSSION

The obtained results have confirmed that the Gibbs energy
minimization method is very suitable for the calculation of equi-
librium composition of propellant combustion products. It is also
shown that the modified Newton method, used to solve the system of
equations mathematically describing the equilibrium state is of
good convergence even in the case when assumed solutions consid-
erably differ from the real ones.

However, the accuracy of the theoretical calculation of ther-
modynamic parameters of propellant gases, as well as the accuracy
of interior ballistics calculation depends more considerably on
the accuracy of the equation of state used to account for the real
gases effects.

As already mentioned, the wvirial equation of state has a
strong fundamental basis. However, when using this equation the
problems appear in applying the accurate values of virial coeffi-
cients as functions of temperature, as well as in the calculation
of the virial coefficients of the gaseous mixture. It may be
stated that the situation in this field is such that a number of
potentials can be used to calculate the values of the second vir-
ial coefficient, obtaining thus the results which are in reason-
able agreement with the results of experiments, even at high tem-
peratures. However, when the third virial coefficient is con-
cerned, large differences exist.

For example, it can be seen from Figure 1 that the values of

the second virial coefficients of water, obtained in different
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ways, are in reasonable agreement at higher temperatures (between
2500 and 5000 K the difference is less than 5 cm’/mol). For car-
bon-dioxide the agreement is better at low temperatures, while at
higher temperatures the difference between the lowest and the

highest values approaches 15 cm’/mol, i.e. almost 50%.
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FIGURE 1

Second Virial Coefficient of H,0, CO, and N; vs. Temperature
1) calculated by the equations given in Powell et al.; 2) calculated
from the Buckingham potential; 3) calculated from the Lennard-Jones po-
tential

As to other combustion products, it ie' founded out that there
is an excellent agreement for hydrogen (Figure 2), while for ni-
trogen and carbon-monoxide the differences are in the range from S

to 12 cm’/mol, for temperatures between 2000 and 5000 K. Gener-
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ally, the values of the second virial coefficient of individual
species, calculated in different ways, differ up to 15 cm’/mol,

i.e. up to nearly 50%.
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FIGURE 2
Second Virial Coefficient of H; and CO vs. Temperature
1) calculated by the equations given in Powell et al.; 2) calculated

from the Buckingham potential; 3) calculated from the Lennard-Jones po-
tential

The values of the thira virial coefficients, calculated in
different ways, differ more considerably (Figure 3 and 4). For ex-
ample, the value of the third virial coefficient of water at 4500
K lies between 115 and 315 (cm’/mol)?, and for carbon-dioxide be-
tween 1100 and 1800 (cm’/mol)?, which means that the differences
are greater than 50%. Similarly, the values of the third virial

coefficient of CO, N, and H, differ 100-300 (cm’/mol}?.
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FIGURE 3
Third Virial Coefficient of H,0, CO, and N, vs. Temperature
1) calculated by the equations given in Powell et al.; 2) calculated

from the Buckingham potential; 3) calculated from the Lennard-Jones po-
tential

It follows from the above considerations that the values of
the virial coefficients of individual species, calculated from
different potential equations, and by using equations derived from
experimental measurements, are in considerable disagreement. The
way it influences the calculation results, and the applicability
of computer program BOMBAS8 is illustrated on the example of three
typical types of homogeneous propellants whose composition is

given in Table 2.
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FIGURE 4
Third Virial Coefficient of H, and CO vs. Temperature
1) calculated by the equations given in Powell et al.; 2) calculated

from the Buckingham potential; 3) calculated from the Lennard-Jones po-
tential

The testing was performed by comparing the experimental val-
ues (with heat loss correction) and the calculated values of maxi-
mum pressure, specific energy, and covolume of propellants gases.

The experimental values of maximum pressure, taken from Ref.
19 and Ref. 22, were obtained using closed bomb having 700 cm’ of
the combustion chamber volume. As ignition charge 2 g of black
powder was used*®*??, The experimental values of the specific en-
ergy and covolume were calculated from the maximum pressure -
loading density relationship, given by Noble-Abel eguation®.

The heat loss corrections are taken into account by applying

265



13:53 16 January 2011

Downl oaded At:

Miraur empirical equation (cited in Ref. 23) for the calculation

of pressure corrections:

SyP,
= +C b EU (14)
Pe Pw o VA
where: pg - maximum pressure with heat loss corrections
Pev — Mmaximum pressure without heat loss corrections (as

measured)

Cy - empirical coefficient (dependent on propellant shape
and size, i.e. duration of propellant combustion)

5, - area of combustion chamber

Vp, - volume of combustion chamber
A - loading density

The results of the comparison are given in Tables 3,

TABLE 2
Chemical Composition of Propellants Used to Test the
Computer Program

Propellant PROPELLANT DENOTATION
ingredient BEQ' | B00? B30%
Mass percent of ingredient (%)
Nitrocellulose (13,258 W) (125.7 658 M) (12.658 )
Nitroglycerin —_ 37.53 27.38
Nitroguanidine — — 30.46
Dibuthylphthalate — 2.97 3.56
Diphenylamine 1.15 — —_—
Graphite 0.14 — —
Diethyleter 0.26 — —
Ethyl centralite —_— 2.26 2.06
Ethanol 0.16 — —
Water 0.63 0.20 0.16
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TABLE 3
Comparison of Measured and Calculated Values of Maximum Pressure

Loading
Propellant density PE Calculated pressure (bar) Ref.
(g/cm’) {bar) Pe 1 Pr I Px
1875 1845 1894
0.150 1825 (+2.74%)  (+#1.09%)  (+3.78%)
2249 2213 2277
BEO 0.175 2184 (+2.978)  (+1.33%8)  (+4.268%) 19
2646 2602 2685
0.200 25N (+2.92%) (+1.21 (+4.43
1591 1569 1604
0.125 1544 (+3.04%)  {+1.628)  (+3.89%)
1566 1336 1986
BOO 0.150 PR (+2.87%)  (+1.31%)  (+3.92%) 22
2361 2323 2390
0.175 2266 (+4.19%)  (+2.52%)  (+5.47%)
2777 2731 2817
0.200 2699 (+2.89%)  (+1.19%)  (+4.37%)
1512 1491 1520
0.125 1447 (+4.49%) (+3.04%)  (+5.04%)
1869 1843 1883
B30 0.150. is21 (#2.64%)  (+1.21%)  {+3.40%) 22
2247 2215 2269
0.175 2182 (+2.98%)  (+1.51%)  (+3.99%)
2646 2608 2676
0.200 2573 (+2.84%)  (+1.36%)  (+4.00%)

Subscript denotation:
E -experimental values (with heat loss corrections)
P -virial coefficients calculated by the equations given in Powell et al.
R -virial coefficients calculated from the Buckingham potential
X -virial coefficients calculated from the Lennard-Jones potential
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TABLE 4
Comparison of Measured and Calculated Values of Propellant
Specific Energy

Loading Calculated specific energy ¢
Propellant density fe * (kJ/q) Ref.
{g/cm’) (k3/g) ) r Ex
0.150 - 1.060 1.054 1.056
BEQ 0.200 1.046 (+1.34%)  (+0.76%)  (+0.96%) 19
0.125 - 1.113 1.106 1.108
BOO 0.200 1.083 (+2.77%)  (+2.12%)  (+2.31%) 22
0.125 - 1.048 1.042 1.043
B30 0.200 1.009 (#3.68%)  (+3.27%)  (+3.37%) 22

* Mean values in the given range of loading densities

TABLE 5
Comparison of Measured and Calculated Values of Covolume of
Propellant Gases

Loading
Propellant density be * Covolume (cm’/g) * Ref.

(g/cu’) {cm’/g) br by bx
0.150 - 1.083 0.949 1.080

BEQ 0.200 0.929 (+7.96%)  (+2.16%)  (+16.25%) 19
0.125- 1.003 0.949 1.080

B0O 0.200 0.976 (+2.77%)  {(-2.77%)  (+10.66%) 22
0.125- 1.052 1.011 1.122

B30 0.200 1.083 (-2.86%}  (-6.65%)  (+3.60%) 22

* Mean values in the given range of locading densities

The correlation analysis of the experimental and calculated
values of maximum pressure showed that Ehe best agreement is ob-
tained when the virial coefficients are calculated from the Buck-
ingham potential, using the values of the intermolecular potential

parameters given in Table 1, (pgx = 1.0149 pg, r = 0.9996), while
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the worst agreement is obtained when the values of the reduced
second virial coefficient obtained from the Lennard-Jones poten-
tial are used (px = 1.0426 pg, r = 0.9995). When the values of the
second and third virial coefficients are calculated from the egqua-
tions given in Powell et al., the following correlation is ob-
tained: pp = 1.0308 pg (r = 0.9996).

It is evident that all calculated values of maximum pressure
are consistently slightly greater than the experimental ones
(maximum difference may reach about 5%). At the same time, the
differences between the calculated values of maximum pressure are
less than 3%. Taking into account the fact that the experimental
values of maximum pressure are determined with an error of about
i3%u, it follows that the agreement between the calculated and
experimental values of maximum pressure is almost in the range of
the experimental error.

A similar agreement is obtained between the calculated and
experimental values of propellant specific energy (difference less
than 4%), while slightly greater differences are obtained between
the calculated and measured values of covolume (Table 5).

Considering the results presented in Tables 3, 4 and 5, it
can be stated that there is a satisfactory agreement between the
calculated and experimental values of pressure, specific energy,
and covolume, in spite of the fact that the values of virial coef-
ficients differ considerably. Such (unexpected) results may be ex-
plained by the fact that the corrections for nonideal behavior of
propellant gases (i.e. influence of the second and third virial

coefficients) are not too significant at a lower loading densi-
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ties. For example, the corrections of pressure for the loading
densities of 0.1 and 0.2 g/cm’ are approximately 10% and 25%, re-

spectively (Figure 5).
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FIGURE 5

Influence of Second, Third, and Fourth Term in Virial Equation of
State on Correction for Nonideal Behavior of Propellant Gases
1) calculated by equations given in Powell et al.; 2) calculated from
Buckingham potential; 3) calculated from Lennard-Jones potential

The results above may be explained in the best way by the
following example. At a loading density of 0.2 g/cm® the com-
pressibility factor for the propellant denoted as BO0 (Table 2)
equals 2Z=140.2140.03=1.24. It means that the second (nB/V) and
third term (n?c/V?)in the virial equation of state are equal to
0.21 and 0.03 respectively. Since the molar volume of propellant
gases for this loading density equals 123 em’/mol, it follows that

the second and third virial coefficient of the mixture of propel-
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lant gases are 26 cm’/mol and 455 (cm’/mol)? respectively. Let us
suppose that the value of the second virial coefficient is 50%
greater (instead of 26 cm’/mol it equals 39 cm’/mol). The com-
pressibility factor will be then 2=1+0.3240.03=1.35, which means
that the pressures calculated with the first and second value of
the second virial coefficient will differ only for 8.8% [100(1.35-
1.24}/1.24). Similarly, if the value of the third virial coeffi-
cient is 50% greater, the resulting pressure will be only about
1.5% greater. For higher loading densities the corrections for
nonideality becomes more considerable, as well as the influence of
the second and third virial coefficients (Figure 5). This is the
reason why the considerable disagreements in he values of the vir-
ial coefficients result in an acceptable agreement in the maximum
pressure values, and propellant specific energy, particularly at
low loading densities.

A rough calculation of the value of the fourth virial coeffi-
cient of the gaseous mixture (based on the procedure described by
xiong)", shows that the contribution of the forth virial coeffi-~
cient to the maximum pressure becomes considerable (greater than
1%) if the loading density is greater than 0.4 g/cm{ It means
that in order to obtain a more accurate calculation for the load-
ing densities above 0.4 g/cnf, the fourth term in the virial equa-
tion of state should be used.

The computer program BOMBA8 is also tested by comparing the
calculated values of maximum pressure for the double base propel-
lant denoted as B0OO (Table 2), with the results obtained by other

computer programs for a similar gun propellant. For this compari-
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son the virial coefficients are calculated using the equations
given in Powell et al. The results of the comparison are shown in

Figure 6.
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FIGURE 6
Pressure vs. Loading Density Calculated by Different Computer
Programs

It can be seen from Figure 6 that a good agreement exists be-
tween the results obtained by BOMBAB program and the results ob-
tained by Powell et al. (authors have used the eguation of state
based on theoretical criteria which are also valid for the virial

equation of state). The difference between the results obtained by
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the widely used computer code BLAKE (based also on the truncated
virial equation of state), and BOMBA8 program is small at low
loading densities, while it increases at higher loading densities
(e.g. at 0.4 g/cmf it approximately equals 500 bar, or about
7.5%).

The comparison of calculated values of the heat capacity ra-
tio, internal energy of propellant gases and combustion tempera-
ture showed that there is no considerable difference (Figure 7, 8,
and 9) if the values of virial coefficients are calculated follow-
ing the previously described three different ways.

The data from Figures 7 show that the difference in the val-
ues of the calculated propellant gases internal energy is not
greater than 10 J/g (about 0.2%8) if the loading density is in the
range between 0.1 and 0.5 g/cuﬁ: This is consequence of the fact
that the main part of the internal energy of propellant gases at
these loading densities is due to heat (thermal energy - left part
of Eq. 7), while only its small part is due to intermolecular in-
teraction energy, i.e. consequence of nonideal behavior of gases
(given by right part of Eq. 7).

For example, at loading density of 0.5 g/cms, the total in-
ternal energy equals 3946 J/g; the thermal part eguals 3882 J/g
(98.4%), while the part due to interacticn energy equals only 64
J/g (1.6%). At 0.2 g/cm? the part of internal energy due to inter-
molecular interactions equals only about 0.5% of the total inter-

nal energy.
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FIGURE 7

Internal Energy of Combustion Products vs. Loading Density for
Propellant Denoted as BOO
1) virial coefficients are calculated by equations given in Powell et
al.; 2) virial coefficients are calculated from Buckingham potential;
3) virial coefficients are calculated from Lennard-Jones potential
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FIGURE 8

Heat Capacity Ratio vs. Loading Density for Propellant
Denoted as B06-'
1) virial coefficients are calculated by equations given in Powell et
al.; 2) virial coefficients are calculated from Buckingham potential;
3) virial coefficients are calculated from Lennard-Jones potential
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FIGURE 9

Combustion Temperature vs. Loading Density for Propellant
Denoted as BQO
1) virial coefficients are calculated by equations given in Powell et
al.; 2) virial coefficients are calculated from Buckingham potential;
3) virial coefficients are calculated from Lennard-Jones potential

Generally, it can be stated that the corrections of thermody-
namic functions of combustion gases (internal energy, Helmholtz
energy, heat capacity ratio, etc.) for nonideal behavior, in the
range of loading densities between 0.1 and 0.5 g/cm’, are less
than 3%. For comparison, the correction of pressure for nonidel-
ity, for the same loading densities, reaches about 80%. Such small
influence of corrections for nonidelity on the values of thermody-
namic functions is the reason why the influence of different val-
ues of the virial coefficients on computed values of thermodynamic

functions equals only a few percents.
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CONCLUSIONS

Based on the presented results it can be stated that the de-
scribed model of propellants combustion, and the computer program
BOMBAS8 can be used for the calculation of the thermodynamic prop-
erties of propellant gases with an error less than 5% (when the
maximum pressure, specific energy and covolume are considered). At
the same time it is shown that within the loading densities rang-
ing between 0.1 g/cm® and 0.2 g/cm® the differences in the values
of virial coefficients (i.e. calculation procedure - type of po-
tential used and source of data) result in the differences between

the values of maximum pressures and specific energies up to 3%.
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